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Abstract 

The interaction of a spin wave with a stationary Bloch point is studied. The 
topological non-trivial structure of the Bloch point manifests in the propaga¬ 
tion of spin waves endowing them with a gauge potential that resembles the 
one associated with the interaction of a magnetic monopole and an electron. 
By pursuing this analogy, we are led to the conclusion that the scattering 
of spin waves and Bloch points is accompanied by the creation of a magnon 
vortex. Interference between such a vortex and a plane wave leads to disloca¬ 
tions in the interference pattern that can be measurable by means of magnon 
holography. 
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1. Introduction 

In a magnetic material textures in the local magnetic ordering spread 
across in the form of spin waves (SWs). Such disturbances correspond to 
elementary excitations with zero associated charge and net spin equals to 
unity. The held of solid state physics concerning the manipulation, detec¬ 
tion and dynamics of the SWs in a magnetic system [22] has been dubbed 
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magnonics. The field of magnonics has grown into a well established realm 
of magnetism and opened new paths in the understanding of magnetization 
dynamics of complex structures. The wide frequency range that magnonic 
excitations can display (from GHz to THz [7]), the possibility of tailoring 
the SW spectrum in the so-called magnonic crystals [2S], the possibility of 
manipulating magnetic textures by SWs, [20] the interference pattern of SWs 
in the presence of geometrical constrictions or of magnetic solitons, IZB and 
the observation of the particular geometry of the scattered SWs after pass¬ 
ing through magnetic solitons [H] are simple examples of the rich tapestry of 
phenomena in the fields. Interestingly, quantum effects can play a crucial role 
in the physics of macroscopic assemblies of magnons, leading to the collective 
behaviour in the form of Bose-Einstein condensates even at room tempera¬ 
ture. [HI [301 Ea |32] Such a variety of phenomena has attracted interest from 
a diversity of sources regarding its potential applications in technological SW 
devices. [Miisaiinii The different contributions of the magnetic energy 
play a different role depending on the scales associated with the SW phenom¬ 
ena. It is from this perspective that the SW wavelength A can be used to 
separate the behaviour into two regimes. [19] Short wavelengths (A < 1 /im) 
are dominated by the short range exchange interaction. This kind to SWs 
are named exchange SWs. On the other hand, in the behaviour of SWs of 
longer wavelengths the physics is dominated by the long range dipolar inter¬ 
action, in this regime we talk about dipolar or magnetostatic SWs. In this 
paper we will study SW phenomena of short wavelength and the physical 
behaviour will be dominated by the exchange interaction. Our basic model 
will, therefore, start with an analysis of the SW phenomena in presence only 
of the exchange interaction, leaving all the effects arising from other energy 
contributions in the form of perturbations. 

Our main focus will be in the interplay between SWs and a background 
magnetic texture. This effect has been studied in several papers in the 
context of SW propagation across domain walls, vortices and skyrmions. 
[TSl [2H111211221122] A smooth texture affects the dynamics of a SW by chang¬ 
ing the basic wave equation that rules the SW behaviour. A very interesting 
idea has been put forward by Dugaev et ah ra that showed that the mag¬ 
netic texture induces Berry phases [1] and Berry-curvatures and applied these 
ideas to study the Aharanov-Bohm-like [1] effect of the magnetization in a 
magnetic ring with a non-trivial magnetic configuration. Our analysis start 
from the exchange Hamiltonian and derive an effective Hamiltonian for the 
SWs that is equivalent to a 0(2) gauge theory. The role of the Berry curva- 


2 



Figure 1: Different Bloch point singularities, (a) Bloch point with 7 = 0, (b) Bloch point 
with 7 = 7r/2 and (c) effective magnetic field seen by the SWs. We have highlighted the 
singularities associated with the Dirac strings along the iz-axis. 

ture predicted by Dugaev et al. enters in our theory in the form a 0(2) vector 
potential. In addition to the Berry connection induced by the background 
spin texture we hud an additional term that resembles a scalar potential. 
From this perspective we derive a Noether current that is conserved. We 
study under what circumstances the behaviour of the effective theory can be 
cast in the form of a Schrodinger-like equation for the magnon amplitude. In 
this way we can easily derive the corresponding effective magnetic held felt 
by the SWs because of the texture. After a revision of the insights gained 
putting SWs in a gauge-invariant form, we focus on the particular texture 
given by a three dimensional soliton, with non zero topological charge, known 
as Bloch point (BP). [121115] After evaluating the different potentials, we con¬ 
clude that the basic physics of the SWs in presence of a BP corresponds to 
an effective theory of an electron in presence of a magnetic monopole. Our 
main result is that in the context of the interaction of SWs with a BP the 
outgoing pattern correspond to a SW vortex. This interesting result can 
be studied from an experimental point of view by using the technique of 
magnon-holography [23]. 


2. Gauge theory from isotropic ferromagnet 

We consider a system of classical spins parameterised by a dimensionless 
vector held S{r) = Sn{r), where hS (with h the reduced Planck constant) is 
the molecular spin. We will restrict ourself to the exchange energy describing 
an isotropic ferromagnet and neglecting the dipolar and boundary terms. 
The exchange energy is explicitly (S’ = J{dV/2a)J{'VS)‘^, with J being the 
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exchange energy constant, a the lattice parameter and the integral extends 
over the whole volnme. Assnming a given magnetic texture, nQ{r), to be 
a solution that minimizes the energy functional, we are interested in the 
fluctuations (SWs) around it. We consider the held n(r, t) = no(r) +r/(r, t), 
where r]{r,t) can be considered small and will encode the SWs dynamics. 
As huctuations of a normalised vector held SWs are always in the plane 
normal to the magnetization. To take advantage of this constraint we use 
the local transformation TZ~^ that rotates the magnetic texture and put it in 
the z-axis as 7l~^no = z. After the transformation, the huctuations are in 
the normal plane to z and can be written using a three-dimensional vector 
uj = {ui,U 2 , 0 J 3 ) dehned by the relation TZ~^r] = z x uj = (—ci; 2 , (Ui, 0). This 
relation shows ns that, as a consequence of the normalization, there are only 
two-components of n; that counts for the SW dynamics and therefore it is 
enough to considering a two component held uj = {ui,U 2 ). In this way we 
can express the normalised magnetization vector as n = TZz + TZ{z x lo) and 
expand the exchange density e = {JS‘^/2a){'Vn)‘^ until the second order in 
the huctuations. Using the fact that no is a local minimum of the functional 
and the unitarity of the rotation matrix, that is to say TZ^TZ = J we hnd the 
following SW Hamiltonian: 

<^ = + ( 1 ) 

where m* = /{AJSa?) is the ehective mass and the gauge (tensor) potential 
A = —i'TZa 2 iy'TZai)T (summation over repeated indices is assumed), with 
r = —iuy where ay is the corresponding Pauli matrix. In this way r the 
generator of the group 0(2). It is worth to note that in Eq. ([^ the square 
means the vector product and not the square of the complex norm. Explicitly 
the V = (h?/4:m*)v potential is 

jy — f (^a2V7^Q,l)^ — (V7^a2)^ —VT^qI ' V7^q2 \ 

V —VT^al ■ V7 ^q,2 {TZa2^'TZalY — (VT^al)^ / 

We can exploit the symmetry of the problem writing the rotation matrix IZ 
in function of the Euler rotation angles 0, $ and T of the original magnetic 
texture no = (sin 0 cos <I>, sin 0 sin $, cos 0). In this representation both po¬ 
tentials take a simple form: 

A = iAr, ( 2 ) 
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where explicitly, the gauge vector potential held A is: 

A = cos0V<h + V\I/, (3) 

and the V potential can be written as V = S^V(Q, <h)S', where S = is a 
rotation in the gauge coordinate and the jjscalar/,/, potential is 

/ (V0)2 -sin0V0-V<h\ .. 

^ “ 4m* V -sin0 V0-V<h sin2 0(V4>)2 J’ 

In these equations the gauge symmetry is explicit, 'h is the gauge freedom 
coming from the fact that we can locally rotate Uq around itself without 
changing the physics. This symmetry endows a conservation law given by 
the current: j = (h/m*)(iV — This current is the best dehnition 

of the spin wave current. 

In a family of textures one can go farther along this analogy. If the 
equations (V0)^ = sin^ 0(V<I>)^ and V0-V<I> = 0 are satished, the potential 
(|^ becomes a multiple of the identity. These identities hold for the case of 
a Bloch point that we are investigating. Interestingly, if that is the case, if 
we dehne T = cji + iu 2 we can write an equation for a unique complex held 
without anomalous terms as a Schrodinger-like functional: 

W=ii=/;rl(-V + A)4-p-l/|>I>p (6) 

2m 

where the gauge held A can be considered a vector potential giving an ehec- 
tive magnetic held felt by a quantum particle. 

The conditions over the magnetization held that lead to V (x I are strin¬ 
gent. Nevertheless there are many particular cases where this condition holds 
and it has been exploited in the literature before. [IHIE2] It is interesting to 
point out that this kind of analogy has been exploited even in huid dynamics. 
|9] Put it in the present form it is easy to recognize in which cases we can write 
a Schrodinger equations for SWs. For the ehective Hamiltonian Eq. ([^ there 
is a Noether conserved current done by j = (h/m*)[2 Im(\h'l’V\I') — A|\hp]. 

3. Bloch point SWs and the Aharonov-Bohm effect 

We can address now the problem of the scattering and SWs interference 
around a Bloch point (BP). The BP is characterised by a magnetization 
held that covers the whole sphere around the center of the soliton, which 
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is, therefore, singular at that point for a normalised magnetization held. Its 
form, see Fig.([^, is given by the held 0(r) = ^ 6 ^ + 7 , $(r) = ^0, where (6^,0) 
are the spherical coordinates of the space and p and q are integers that give 
the topological charge Q = pq oi the BP. [12] 

Here we will choose for simplicity p = 1, so Q = q. The conditions given a 
Schrodinger equations are satished for BPs and the ehective Hamiltonian for 
the linear oscillations of SWs around the BP can be written as in the form 
of Eq. (5), with A = and V{r) = — [Il| In this way, around 

the BP, we have that the ehective magnetic held is given by a monopole-like 
magnetic held (known as Dirac monopole [TT]) generated by a jjmagnetic 
charge/,/, q. The vector potential is singular on a line whose location depends 
on the chosen gauge. In the present gauge we have V ■ A = 0, the so-called 
Coulomb gauge, the singularity line is along the whole 2 ; axis and the potential 
is symmetric, see Fig. ([^, this is known as the Schwinger’s potential. [2^1^ 
We can use the fact that when SW propagates the wave function acquires 
a magnetic phase. [T] The phase diherence between two interfering arbitrary 
paths can be calculated considering the integral of the potential vector: 


= (f) A - ds, 


( 6 ) 


where ds is an inhnitesimal part of the trajectory. From Stoke’s theorem the 
expression in Eq. ([^ is the magnetic flux through the surface dehned by the 
closed loop. The two paths can be continuously deformed in order to enclose 
a solid angle D of a spherical surface. Thus, the magnetic flux enclosed by 
the two paths can be given by A<F = J qdfl = qcj) J sinOdd, where 6 is the 
polar angle. It has been shown [35l|27l|3il[ni[3| that this quantity is directly 
related with the magnetic charge, giving 


A(j)AB = ‘^qcjy, (7) 

which is equivalent in our case to the statement that there is an Aharonov- 
Bohm (AB) phase directly proportional to the topological charge of the BP. 

The BP held leads to an integer m {q = m/2), resulting in a perfect 
phase vortex of topological charge m. Thus, the interaction of a plane SW 
with a BP enables the typical azimuthal AB phase shift to occur and vor¬ 
tex SW states to be created. The Noether current can be readily calculated 
= — (h/m*)|Tp(g(l — cos 6 ')/(r sin 0 )). 
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Figure 2: Scattering of a spin wave by a magnetic Bloch point. The problem is equivalent 
to the scattering of a charged object by a magnetic monopole. In both cases the outgoing 
wave has the form of a vortex. 

The analytical solution to this problem is known from the theory of mag¬ 
netic monopoles [2^15] and can be written as T(r, 6) = 

where Fi{r,6) is a complicated function including the generalised spherical 
harmonics and the spherical Bessel functions (see |T3] and the citations there 
in) and m an integer in the shown interval. It is worth to note that m is 
directly related with the topological charge of the BP as the sum begins with 
I = q, meaning that in a non-trivial topology {q ^ 0) there are always modes 
with m 7 ^ 0. Just as in the monopole case, [3] the SW wave function can be 
written as: [21] 

'^ontir) ~ = T(r, (8) 

r 

known as a vortex state. 

4. Magnon holography 

In order to test these results, an experiment using holography can be used. 
Holography is the technique in which we produce the interference between 
an arbitrary beam with a coherent one, which serves as reference. |TB] The 
interference pattern allows us to obtain the whole information about the 
original beam. Magnon holography is based upon the same principle by using 
SWs and it has recently appeared as a convenient technique to study SWs and 
to the rise of new technologies for data processing. |23] In the present case we 
take advantage of the known properties of the interference of SWs to propose 
a mechanism to detect BPs. To do so, let us suppose and incident plane wave 
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(IW) of SWs has been prepared to propagate in the z direction and to pass 
across the BP. The phase distribution on this plane changes according to 
Eq. ([^ when a BP is set in the middle of the path. This change could be 
recorded by using the hologram principle by making the incident wave (IW) 
interfere with a reference plane wave (RW) that does not pass 

in the BP region and having the same momentum and SW amplitude. The 
RW propagates in a different direction, with an angle ip with respect to the 
SW passing through the BP. Reconstruction of the IW in an optical-like form 
could be performed such as a hologram by using Brillouin light scattering. |2] 
The phase of the IW is also reproduced and could be visualised by means of 
the interference between this wave and another optical wave. Visualisation 
is in the form of a set of equal-phase lines, i.e., a contour map of the spatial 
distribution of the magnetostatic volume wave modes that is, the jjphase 
changes/,/, when the RW is adjusted to be the same as the object wave for 
an empty specimen (in the present case, a ferromagnetic state). Then, the 
comparison wave is tilted and as well as an electron interference pattern, [5] 
we have an interferogram consisting of fringes. Thus, the magnon vortices 
could be seen by using an apparatus similar to that one proposed by Fukuhara 
et al. m in the context of electron scattering, associated to the experimental 
arrangement given in Ref. [2], which uses the Brillouin scattering setup for 
the optical detection of the component of the magnetization. 

Considering that the IW and the RW have the same amplitude and initial 
phases, and assuming that IW is perpendicularly incident to the recording 
plane, parameterised by the coordinates {x,y), the intensity of interference 
pattern is given, in the proximity of the z-axis is: 

—— = 1 + cos{kx sin (f — gcp), (9) 

where iV is twice the square of the amplitude of the waves (that we consid- 
erer the same for both) and the direction of propagation of the IW is the axis 
z and the k-vector of the RW lies, without lose of generality, in the {x, z) 
plane (see Fig. [^. The interference patterns for different angles between the 
beams are shown in Fig. It can be noted that the interference pattern 
looks like a dislocation defect in a solid, showing the presence of a singular¬ 
ity in the system. Such singularity is associated with the string appearing 
in the potential vector. If the RW is going in the opposite direction of the 
IW {p = it), the interference pattern is radial, showing the singularity in 
the center of the scattered SW vortex. The p angle between the two waves 
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Figure 3: (a) Magnon current associated with a magnon vortex. The plane of the vortex 
is perpendicular to the incoming wave, (b) Interference pattern between the magnon 
scattered by a BP for q — 1 and a free magnon forming with the former an angle Lp = t: 12. 
A is ten times the wavelength of the waves. 


changes the scale of the pattern, but the dislocation remains, which makes 
the dislocation pattern robust. 


5. Conclusions 

In this paper we predict the appearance of a SW vortex for SWs propa¬ 
gating in the presence of a BP and we propose a way to detect using magnon 
holography. To study the SWs in the presence of a magnetic texture in a 
isotropic magnet we work in the local rotated frame where magnetization 
is in the ferromagnetic state. In this frame we were allowed to show that 
the effective theory for the SWs is a gauge theory with 0(2) symmetry. We 
showed in which cases the texture support SWs that have a dynamics equiv¬ 
alent to that of a quantum particle one where the information about the 
texture is in the scalar and vector potential of the Schrodinger hamiltonian. 
For BPs the non-trivial topology of the texture gives a singular potential of a 
magnetic monopole and the azimuthal part of the scattered SW reflects the 
singularity by developing a vortex state. This can be indirectly detected by 
the interference of a free SW with the same wave vector, and the interference 
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pattern has a robust and recognisable structure. This measuring process can 
be applied to other SWs in order to detect and control magnetic solitons. 
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